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We derive limit theorems for the empirical distribution function of
\devolatilized" increments of an 1t6 semimartingale observed at high
frequencies. These \ devolatilized" increments are formed by suitably
rescaling and truncating the raw increments to remove the e ects of
stochastic volatility and \large" jumps. We derive the limit of the
empirical cdf of the adjusted increments for any 1t0 semimartingale
whose dominant component at high frequencies has activity index of
1< 2, where = 2 corresponds to di usion. We further derive
an associated CLT in the jump-di usion case. We use the developed
limit theory to construct a feasible and pivotal test for the class of
I1t0 semimartingales with non-vanishing di usion coe cient against
1t6 semimartingales with no di usion component.

1. Introduction. The standard jump-di usion model used for model-
ing many stochastic processes is an It6é semimartingale given by the following
di erential equation

(11) dXi = dt+ (dWi +dYy;

where ¢ and ¢ are processes with cadlag paths, Wy is a Brownian motion
and Yy is an 1t0 semimartingale process of pure-jump type (i.e., semimartin-
gale with zero second characteristic, De nition 11.2.6 in [10]).

At high-frequencies, provided  does not vanish, the dominant compo-
nent of X is its continuous martingale component and at these frequencies
the increments of X; in (1.1) behave like scaled and independent Gaussian
random variables. That is, for each xed t, we have the following convergence

(1.2) 1@1Fh(xt+sh Xt) “ t (Bus Bs); ash ¥ 0ands2][0;1];

where By is a Brownian motion and the above convergence is for the Sko-
rokhod topology, see e.g., Lemma 1 of [19]. There are two distinctive features
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of the convergence in (1.2). The rst is the scaling factor of the increments
on the left side of (1.2) is the square-root of the length of the high-frequency
interval, a feature that has been used in developing tests for presence of
di usion. The second distinctive feature is that the limiting distribution of
the (scaled) increments on the right side of (1.2) is mixed Gaussian (the
mixing given by ). Both these features of the local Gaussianity result in
(1.2) for models in (1.1) have been key in the construction of essentially
all nonparametric estimators of functionals of volatility. Examples include
the jump-robust Bipower Variation of [5, 6] and the many other alternative
measures of powers of volatility summarized in the recent book of [9]. An-
other important example is the general approach of [15] (see also [14]) where
estimators of functions of volatility are formed by utilizing directly (1.2) and
working as if volatility is constant over a block of decreasing length.

Despite the generality of the jump-di usion model in (1.1), however, there
are several examples of stochastic processes considered in various applica-
tions that are not nested in the model in (1.1). Examples include pure-
jump 1t6 semimartingales (i.e., the model in (1.1) with { = 0 and jumps
present), semimartingales contaminated with noise or more generally non-
semimartingales. In all these cases, both the scaling constant on the left side
of (1.2) as well as the limiting process on the right side of (1.2) change. Our
goal in this paper, therefore, is to derive a limit theory for a feasible ver-
sion of the local Gaussianity result in (1.2) based on high-frequency record
of X. An application of the developed limit theory is a feasible and piv-
otal test based on Kolmogorov-Smirnov type distance for the class of 1t0
semimartingales with non-vanishing di usion component.

The result in (1.2) implies that the high-frequency increments are approx-
imately Gaussian but the key obstacle of testing directly (1.2) is that the
(conditional) variance of the increments, 2, is unknown and further is ap-
proximately constant only over a short interval of time. Therefore, on a rst
step we split the high-frequency increments into blocks (with length that
shrinks asymptotically to zero as we sample more frequently) and form local
estimators of volatility over the blocks. We then scale the high-frequency
increments within each of the blocks by our local estimates of the volatil-
ity. This makes the scaled high-frequency increments approximately i.i.d.
centered normal random variables with unit variance. To purge further the
e ect of \big" jumps, we then discard the increments that exceed a time-
varying threshold (that shrinks to zero asymptotically) with time-variation
determined by our estimator of the local volatility. We derive a (functional)
Central Limit Theorem (CLT) for the convergence of the empirical cdf of
the scaled high-frequency increments, not exceeding the threshold, to the
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cdf of a standard norm% random variable. The rate of convergence can be
made arbitrary close to ' n, by appropriately choosing the rate of increase of
the block size, where n is the number of high-frequency observations within
the time interval. This is achieved despite the use of the block estimators
of volatility, each of which can estimate the spot volatility  at a rate no
faster than n'=,

We further derive the limit behavior of the empirical cdf described above
in two possible alternatives to the model (1.1). The rst is the case where
X does not contain a di usive component, i.e., the second term in (1.1) is
absent. Models of these type have received a lot of attention in various elds,
see e.g., [3, 4], [13], [11] and [22]. The second alternative to (1.1) is the case
in which the 1t6 semimartingale is distorted with measurement error. In each
of these two cases, the empirical cdf of the scaled high-frequency increments
below the threshold converges to a cdf of a distribution di erent from the
standard normal law. This is the stable distribution in the pure-jump case
and the distribution of the noise in the case of 1t6 semimartingale observed
with error.

The paper is organized as follows. In Section 2 we introduce the formal
setup and state the assumptions needed for our theoretical results. In Sec-
tion 3 we construct our statistic and in Sections 4 and 5 we derive its limit
behavior. In Section 6 we construct the statistic using alternative local esti-
mator of volatility and derive its limit behavior in the jump-di usion case.
Section 7 constructs a feasible test for local Gaussianity using our limit the-
ory and in Sections 8 and 9 we apply the test on simulated and real nancial
data respectively. The proofs are given in Section 10.

2. Setup. We start with the formal setup and assumptions. We will
generalize the setup in (1.1) to accommodate also the alternative hypoth-
esis in which X can be of pure-jump type. Thus, the generalized setup
we consider is the following. The process X is de ned on a Itered space
( ;F; (FOeo; P) and has the following dynamics

(2.1) dX¢ = dt+ ¢ dS;¢+dVYy,

where ¢, ¢and Y¢ are processes with cadlag paths adapted to the Itration
and Y¢ is of pure-jump type. S¢ is a stable process with a characteristic
function, see e.g., [17], given by
(2.2)
i L . tan( =2) if &1,
iuSty] — . —
log [E(e">)] tjicuj (1 i sign(u) ); { 2logjuj; if =1
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where 2 (0;2and 2 [ 1;1]. When = 2 and ¢ = 1=2 in (2.2), we
recover our original jump-di usion speci cation in (1.1) in the introduction.
When < 2, X is of pure-jump type. Y¢ in (2.1) will play the role of a
\residual™ jump component at high frequencies (see assumption A2 below).
We note that Y; can have dependence with S; (and ¢ and ¢), and thus X;
does not \inherit" the tail properties of the stable process S;, e.g., Xt can
be driven by a tempered stable process whose tail behavior is very di erent
from that of the stable process.

Throughout the paper we will be interested in the process X over an
interval of xed length and hence without loss of generality we will X this
interval to be [0; 1]. We collect our basic assumption on the components in
X next.

Assumption A. X; satisfies (2.1).
Al. j ¢ and j —j! are strictly positive on [0;1]. Further, there is a

sequence of stopping times Tp increasing to infinity and for each p a bounded
process ép) satisfying t < Tp =) = t(p) and a positive constant Ky

such that

(2.3) E(j t(p) ép)ijFs) Kpjt sj; forevery 0 s t 1L

A2. There is a sequence of stopping times Tp increasing to infinity and for

each P a process Yt(p)
constant Ky such that

satisfying t < Ty =) Y¢ = Yt(p) and a positive

(2.4) E(th(p) Ys(p)jqus> Kojt sj; forevery 0 s t 1,

and for every q 2 ( ';2) where ' <

The assumption in (2.3) can be easily veri ed for Ité semimartingales
which is the typical way of modeling ¢, but it is also satis ed for models
outside of this class. The condition in (2.4) can be easily veri ed for pure-
jump Ité semimartingales, see e.g., Corollary 2.1.9 of [9].
Remark 1. Our setup in (2.1) (together with assumption A) includes the
more parsimonious pure-jump models for X of the form f(;[ s—dLs and L,

where Ty is absolute continuous time-change process and Ly is a Lévy process

A+ lix=0y tA-lix<o}
|X‘1+

with no diffusion component and Lévy density of the form

'(X) forj "(X)j ‘Xll% when jXj < Xqo for some Xg >0 (and assumptions

for ¢ and the density of the time change as in A1 above). We refer to [19]
and its supplementary appendixz where this is shown.
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Under assumption A, we can extend the local Gaussianity result in (1.2)
to

(25) ™" (Xegsh X)) T ¢ (Shs S{); ash ¥ 0ands2[0;1];

for every t and where S{ is a Levy process identically distributed to S; and
the convergence in (2.5) being for the Skorokhod topology, see e.g., Lemma
1 of [19]. That is, the local behavior of the increments of the process is like
that of a stable process in the more general setting of (2.1).

For deriving the CLT for our statistic (in the case of the jump-di usion
model in (1.1)), we need a stronger assumption which we state next.
Assumption B. X; satisfies (2.1) with =2, i.e., St = Wh.

B1l. The process Yt is of the form

2.6) Ye = /0 t /E Y(s:%) (ds; dx);

where is Poisson measure on Ry E with Lévy measure (dX) and Y (t;X)
is some predictable function on Ry E.

B2.j ¢! and j «—j ' are strictly positive on [0;1]. Further, ¢ is an Itd
semimartingale having the following representation

t t t t
27 = 0+/ NUdu+/ ~uqu+/ N(Jdle+// (s;x) (ds;dx);
0 0 0 0o JE

where W{ is a Brownian motion independent from Wy; ~t, "t and "{ are

processes with cadlag paths and  (t;X) is a predictable function on

R, E.

B3. 7t and ~{ are Ité semimartingales with coefficients with cadlag paths
and further jumps being integrals of some predictable functions,  and
with respect to the jump measure

B4. There is a sequence of stopping times Tp increasing to infinity and for
each p a deterministic nonnegative function p(X) on E, satisfying (X :
p(X) & 0) < A and such that j YEX)jANL+] (EX)jML+] (EX)j ML+

i XN (X)) fort T,

The 1t6 semimartingale restriction on  (and its coe cients) is satis ed
in most applications. Similarly, we allow for general time-dependence in
the jumps in X which encompasses most cases in the literature. B4 is the
strongest assumption and it requires the jumps to be of nite activity.

3. Empirical CDF of the \Devolatilized" High Frequency In-
crements. Throughout the paper we assume that X is observed on the
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\7j” to exclude the contribution of that increment in its formation

VP el PXi RaXE fori= G Dk + L
@3 Ui ={ kW zes (T aX XD X RaXD)

fori=( 1kn+2;:5jkn 1
ko LU S 0s) DX PXG fori=jka L
With this, we de ne
(3.4)

-1
nO=NCe X

i=1 i=( 1kn+1

n "X } 1 )
o e e
which is simply the empirical cdf of the \devolatilized™ increments that do
not contain \big" jumps. In the jump-di usion case of (1.1), Fn( ) should
be approximately the cdf of a standard normal random variable.

We note that all the results that follow for F,( ) will continue to hold if

we do not truncate for the jumps in the construction of Fn( ). The intuition
for this is easiest to form in the case when X is a Levy process without
drift from the following E Limanx< 1 lim anwe }) =0O(n =21t for

" the constant of assumption A2 and > 0 arbitrary small. Our rational
for looking at the truncated increments only is that the order of magnitude
of the above di erence, i.e., the error due to the presence of jumps in X,
can be slightly reduced by using truncation.

The construction of our statistic resembles the practice of standardizing
increments of the process of xed length by a measure for volatility con-
structed from high-frequency data within the interval (after correcting for
jumps and leverage e ect), see e.g. [2]. The main di erence is that here the
length of the increments that are standardized is shrinking and further the
volatility estimator is local, i.e., over a shrinking time interval. Both these
di erences are crucial for deriving our feasible limit theory for Fn( ).

bn=knc (j 1)kn+mpn {p
1

4. Convergence in probability of ﬁn(v-). We next derive the limit
behavior of F( ) both under the null of model (1.1) as well as under a set
of alternatives. We start with the case when X is given by (2.1).

Theorem 1. Suppose assumption A holds and assume the block size
grows at the rate

4.1) Kn nd;  for some q 2 (0;1);
andmMp @ 1 asn ¥ 1. Then if 2 (1;2], we have

(4.2) Fo() ™ F (), asn¥ A;
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where we denote = \/;\/E (j i icaj] i dj) Then

(4.4) Fo() ' F(); asn ¥ 1;

where the above convergence is uniform in  over compact subsets of R.

Remark 3. When X is observed with noise, the noise becomes the leading
component at high-frequencies. Hence, our statistic recovers the cdf of the
(appropriately scaled) noise F(5077110071@7#. Similar to the pure-jump alterna-
tive of St with < 2, here = N is not the right scaling for the increments

NX* but this is offset in the ratio in Ifn( ) by a scaling factor for the local
variance estimator \//\jn that makes it non-degenerate. Unlike the pure-jump
alternative, in the presence of noise the correct scaling of the numerator and
the denominator in the ratio in Ifn( ) is given by

Pronxs _ oxe
VAZKO IRV AR

that is, we need to scale down \//\jn(i) to ensure it converges to non-degenerate
ltmat.

The limit result in (4.4) provides an important insight into the noise by
studying its distribution. We stress the fact that the presence of \7j“ in the
truncation is very important for the limit result in (4.4). This is because it
ensures that the threshold is \su ciently" big so that it does not matter in
the asymptotic limit. If, on the other hand, the threshold did not contain
V" (i.e., Vj" was replaced by 1 in the threshold), then in this case the limit
will be determined by the behavior of the density of the noise around zero.

We nally note that when ;i is normally distributed, a case that has

received a lot of attention in thenliterature, the limiting cdf F () is that of
a centered normal but with variance that is below 1. Therefore, in this case
F () will be below the cdf of a standard normal variable, ( ), when <20
and the same relationship will applytol F ( )and 1 ( )when =>0.
On a more general level, the above results show that the empirical cdf
estimator Ifn( ) can shed light on the potential sources of violation of the
local Gaussianity of high-frequency data. It similarly can provide insights
on the performance of various estimators that depend on this hypothesis.

(4.5)

5. CLT of Fn(7) under Local Gaussianity.
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Theorem 3. Let X¢ satisfy (2.1) with St being a Brownian motion and
assume that assumption B holds. Further, let the block size grow at the rate
Mn

(5.1) o T 0; knp n%;,  for some q 2 (0;1=2), whenn ¥ A;
n

such that

K3 . .
el 0. We then have locally uniformly in subsets of R

N N N 200 0
O O=200+280+ £ — O ((5)"+ )
1
~o (i)

(5.3) (\/bn:kncmnif( ) bn=kncknZ5\( )) " (Z() Z2());

where () is the cdf of a standard normal variable and Z1( ) and Zs( )
are two independent Gaussian processes with covariance functions

Cov(Z1(1);Z1(2))= (17 2) (1) (2);

5.4 0 0
55 Cov(Za( 1); Z2( 2)) = |-+ 2( D) 2 2( 2)} ((2>2+ 3); 15 22 R

(5.2)

Due to the \big" jumps, we derive the CLT only on compact sets of
since the error in the estimation of the cdf for ¥ 71 is a ected by the
truncation.

We make several observations regarding the limiting result in (5.2)-(5.4).
The rsttermofFna( ) ( )in(5.2), Z'( ), converges to Z;( ) which is the
standard Brownian bridge appearing in the Donsker theorem for empirical
processes, see e.g., [21]. The second and third term on the right-hand side
of (5.2) are due to the estimation error in recovering the local variance,
i.e., the presence of \7j“ in E"( ) instead of the true (unobserved) 2, 25‘( )
converges to a centered Gaussian process, independent from Z;( ), while the
third term on the right-hand side of (5.2) is an asymptotic bias. Importantly,
the asymptotic bias as well as the variance of (Z;( ) Z»( )) are all constants
that depend only on  and not the stochastic volatility . Therefore, feasible
inference based on (5.2) is straightforward.

D We note that by picking the rate of growth of m, and ky, arbitrary E)Iose to

n, we can make the rate of convergence of F( ) arbitrary close to * n. We
should further point out that this is unlike the rate of estimating the spot

2 by \7j” (with the same choice of k) which is at most n'=%. The reason for
the better rate of convergence of our estimator is in the integration of the
error due to the estimation \7j”.
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The order of magnitude of the three components on the right-hand side
of (5.2) are di erent with the second term always dominated by the other
two. Its presence should provide a better nite-sample performance of a test
based on (5.2).

Finally, we point BUt that a feasible CLT for I?n( ) is availz;}gle with \only"
arbitrarily close to " n rate of convergence and not exactly ~ n. This is due
to the presence of F)we drift term in X. The latter leads to asymptotic bias
which is of order 1=" n and removing it via de-biasing is in general impossible
as we cannot estimate the latter from high-frequency record of X.

6. Empirical CDF of \Devolatilized" High Frequency Increments
with an Alternative Volatility Estimator. As mentioned in Section 3,
an alternative estimator of the volatility is the Truncated Variation of [12]
de ned as

n T
(6.1) CI'= = S IXPL(G X nT®); =150 bnskag;
M i=(—1)kn+1
where > 0 and $ 2 (0;1=2) and the corresponding one excluding the
contribution of the i-th increment, fori=(J 1)kn +1;::; jkn, is

kn An n
n 171 ky 1
We de ne the corresponding empirical cdf of the \devolatilized" (and trun-

cated) high-frequency increments as
(6.3)

62 Cl)= jIXPLG X nT®):

ko) (i=kmn (PL oy

L
BN 1
Fal) = Smr e Z 1{ —/—— Lfanx|< n-sg
: s i X< g
N"( ;9$) i=1 = oDknt1 /Cjn(l)
where for >0 and $ 2 (0;1=2)

, [n=kn| (J—1)kn-+mn
(6.4) NPCss)y= > > 1( IXj n®):

i=1 i=(-1kn+1
In the next theorem we derive a CLT for |3,’1( ) when X is a jump-di usion.

Theorem 4. Let X¢ satisfy (2.1) with St being a Brownian motion and
assume that assumption B holds. Let Kn and mp satisfy (5.1). We then have
locally uniformly in subsets of R

00

~, ~ - 2 0
(6.5) Fg() ()=Z{]()+Z£‘()+% ()4 ()+0p(k];1);
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with Z1( ) and Zy( ) being the Gaussian processes de ned in Theorem 3.
We can easily evaluate gn( ; A) via simulation.

We note that in (7.1) we use N"( ;%) as a normalizing constant. This
is justi ed because we have % 'y 1, both in the jump-di usion
case as well as in the two alternative scenarios considered in Section 4. The
choice of k, and my, in general should be dictated by how much volatility of
volatility in X we have. We illustrate this in the next section.

The test in (7.1) resembles a Kolmogorov-Smirnov type test for equality of
continuous one-dimensional distributions. There are two di erences between
our test and the original Kolmogorov-Smirnov test. First, in our test we scale
the high-frequency increments by a nonparametric local estimator of the
volatility and this has an asymptotic e ect on the test statistic, as evident
from Theorem 3. The second di erence is in the region A over which the
di erence Fn( ) ( ) is evaluated. For reasons we already discussed, that
are particular to our problem here, we need to exclude arbitrary high in
magnitude values of

Now, in terms of the size and power of the test, under assumptions A and
B, using Theorem 1 and Theorem 3, we have

(7.3) Iirr]nIP(Cn)z ; if =2 and Iimnian[D(Cn)zl; if 2(1,;2);

where we make also use of the fact that the stable and standard normal
variables have di erent cdf-s on compact subsets of R with positive Lebesgue
measure. By Theorem 2, the above power result applies also to the case when
we observe Xi + i, provided of course the limiting cdf of the noise in (4.4)

di ers from that of the standard normal on the set A.

We note that existing tests for presence of di usive component in X are
based only on the scaling factor of the high-frequency increments on the left
side of (2.5). However, the limiting result in (2.5) implies much more. Mainly,
the distribution of the \devolatilized" increments should be stable (and in
particular normal in the jump-di usion case). Our test in (7.1), unlike earlier
work, incorporates this distribution implication of (2.5) as well.

We nally point out that using Theorem 3, one should be able to derive
alternative tests for the presence of di usive component in X, by adopting
other measures of discrepancy between distributions like the Cramer-von
Mises one.

8. Monte Carlo. We now evaluate the performance of our test on sim-
ulated data. We consider the following two models. The rst is

(8.1) dX¢ = /VedW;+ / X (ds;dx); dVe=0:03(1:0 Vy)dt+0:1,/VidBy;
R
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where (W¢; By) is a vector of Brownian motions with Corr(W¢; By) = 0.5
and is a homogenous Poisson measure with compensator (dt; dx) = dt

de which corresponds to double exponential jump process with
intensity of 0:5 (i.e., a jump every second day on average). This model is
calibrated to nancial data by setting the means of continuous and jump
variation similar to those found in earlier empirical work. Similarly, we allow
for dependence between X; and V4, i.e., leverage e ect. The second model is

given by
t
(8.2) Xt = St,; with th/ Vds;
0

where S; is a symmetric tempered stable martingale with Levy measure
%’f’[y and Vi is the square-root di usion given in (8.1). The process
in (8.2) is a time-changed tempered stable process. The parameters of S¢
are chosen such that it behaves locally like 1:8-stable process and it has
variance at time 1 equal to 1 (as the model in (8.1)). For this process the
local Gaussianity does not hold and hence the behavior of the test on data
from the model in (8.2) will allow us to investigate the power of the test.
We also consider another alternative to the jump-di usion, mainly the case
when the process in (8.2) is contaminated with i.i.d. Gaussian noise. The
variance of the noise is set to 0:01 consistent with empirical evidence in [8].

We turn next to the implementation of the test. We apply the test on one
year worth of simulated data which consists of 252 days (our unit of time
is one trading day). We consider two sampling frequencies: n = 100 and
n = 200 which correspond to sampling every 5 and 2 minutes respectively
in a typical trading day. We experiment with 1-4 blocks per day. In each
block we use 75% or 70% of the increments in the formation of the test, i.e.,
we set bmp=kn,c = 0:75 for n = 100 and bmp=knc = 0:70 for n = 200. We
found very little sensitivity of the test with respect to the choice of the ratio
mnp=k,. For the truncation of the increments, as typical in the literature,
we set = 3:0 and $ = 0:49. Finally, the set A over which the di erence
Ifn( ) F () in our test is evaluated is set to

(8.3) A = [Q(0:01) : Q(0:40)] [ [Q(0:60) : Q(0:99)];

where Q( ) is the -quantile of standard normal.

The results of the Monte Carlo are reported in Tables 1-3. For the smaller
sample size, n = 100, and with no blocking at all (k, = n) to account for
volatility movements over the day, there are size distortions most noticeable
at the conventional 5 percent level. With three blocks (bn=knc = 3), size is
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appropriate, while it is seen to have excellent power in Tables 2 and 3. But
with four blocks on n = 100, there are size distortions because the noisy
estimates of local volatility distort the test. Considering the larger sample
size (n = 200), now with three or four blocks the test’s size is approxi-
mately correct while power is excellent. For larger values of k, relative to
n (bn=knc = 1) the time variation in volatility over the day coupled with
the relatively high precision of estimating a biased version of local volatility,
leads to departures from Gaussianity of the (small) scaled increments and
hence the over-rejections.

In Tables 1-3 we also report the performance on the simulated data of a
test for presence of Brownian motion in high frequency data based on (trun-
cated) power variations computed on two di erent frequencies, proposed in
[1] (see also [18]). This test, unlike the test proposed here, does not exploit
the distributional implication of the local Gaussianity result in (1.2). We can
see from Table 1 that the test based on the power variations has reasonable
behavior under the null of presence of a di usion component in X. Table 2
further shows that for the optimal choice of the power (p = 1), the test has
slightly lower power against the considered pure-jump alternative in (8.2)
than the Kolmogorov-Smirnov test (when block size is chosen optimally).

When the pure-jump model is contaminated with noise, the scaling of
the power variations is similar (for the considered frequencies) to that of
a jump-di usion model observed without noise. Hence, Table 3 reveals rel-
atively low power of the test based on the power variations against the
alternative of pure-jump process contaminated with noise. By contrast, the
Kolmogorov-Smirnov test shows almost no change in performance compared
with the alternative when the pure-jump process is observed without noise
(Table 2). The reason is that the Kolmogorov-Smirnov test incorporates also
the distributional implications of (1.2) and, under the pure-jump plus noise
scenario, the scaled high-frequency increments have a distribution which is
very di erent from standard normal.

9. Empirical llustration. We now apply our test to two di erent
nancial assets, the IBM stock price and the VIX volatility index. The an-
alyzed period is 2003 2008 and like in the Monte Carlo we consider two
and ve minute sampling frequencies. The test is performed for each of the
years in the sample. We set A as in (8.3) and bn=k,c = 3 for the ve-minute
sampling frequency and bn=knc = 4 for the two-minute frequency. As in the
Monte Carlo, the ratio bmp=knc is set to 0:75 and 0:70 for the ve-minute
and two-minute respectively sampling frequencies. Finally, to account for
the well-known diurnal pattern in volatility we standardize the raw high-
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Table 1
Monte Carlo Results for Jump-Di usion Model (8.1)

Kolmogorov-Smirnov Test Power Variation based Test
Nominal Size Rejection Rate

Sampling Frequency n = 100

kn=25 kn=33 kn=100 p=1.0 p=15
=1% 1.0 1:4 6:1 1.5 0:7
=5% 13:6 5:4 20:8 177 5:4

Sampling Frequency n = 200

kn =50 kn =67 kn=200 p=10 p=15
=1% 1.7 2:2 10:6 1:4 1:3
= 5% 6:1 6:9 35:2 8:1 6:7

Note: For the cases with n = 100 we set bmpn=k,c = 0:75 and for the cases with n = 200
we set bmn=knc = 0:70. The power variation test is a one-sided test based on Theorem 2
in [1] with
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Table 2
Monte Carlo Results for Pure-Jump Model (8.2)

Kolmogorov-Smirnov Test Power Variation based Test
Nominal Size Rejection Rate

Sampling Frequency n = 100

kn =25 kn=233 kn=100 p=1:0 p=15
=1% 63:3 86:8 99:9 71:1 14:2
=5% 92:8 99:1 100:0 91:3 38:4

Sampling Frequency n = 200
kn =50 kn =67 Kkn =200
=1% 100:0 100:0 100:0 97:7 32:1
=5% 100:0 100:0 100:0 99:4 63:3

Note: Notation as in Table 1.

Jkn Jkn

~ n . .. e n . .. .
V= 1s > j PuBji B V)= 3 e > j Masii Psi;

L 12 .
i=( Lkn+2 i=( 1kn+2

and we de ne \,"(i), V;"(i) and V7 (i) from the above as in (3.3). We also
denote

N( ;) ~

(10.1) Fa( ) = pgegm, Fn( )

Finally, in the proofs we will denote with K a positive constant that might
change from line to line but importantly does not depend on n and . We

will also use the shorthand notation Ef' () = E (jF@)

10.1. Localization. \We will prove Theorems 1-4 under the following stronger
versions of assumption A and B:
SA. We have assumption A with ¢, t and t_l being all uniformly bounded
on [0;1]. Further, (2.3) and (2./) hold for + and Yy respectively.
SB. We have assumption B with all processes ¢, "t, t, t_l, “t, 1 and
the coefficients of the Ité semimartingale representations of ~t and ~{ be-
ing uniformly bounded on [0;1]. Further (j Y (£X)j+] (EX)j+] (&X)j+
i (©x)) (X) for some non-negative valued function (X) on E satisfy-
ing ¢ (X: (X)=0)dx<1 and (X) K for some constant K.
Extending the proofs to the weaker assumptions A and B follows by stan-
dard localization techniques exactly as Lemma 4.4.9 of [9].
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Table 3
Monte Carlo Results for Pure-Jump Model (8.2) plus Noise

Kolmogorov-Smirnov Test Power Variation based Test
Nominal Size Rejection Rate

Sampling Frequency n = 100

kn =25 kn=233 kn=100 p=1:0 p=15
=1% 57:1 83:4 99:9 217 1:6
=5% 91:2 97:8 100:0 46:2 5:9

Sampling Frequency n = 200
kn =50 kn =67 Kkn =200

=1% 100:0 100:0 100:0 6:5 0:0
=5% 100:0 100:0 100:0 17:3 0:0

Note: Notation as in Table 1.

10.2. Proof of Theorem 1. W.ithout loss of generality, we will assume
that < 0, the case 0 being dealt with analogously (by working with
1 I§n( ) instead). We rst analyze the behavior of \7j”. We denote with
a deterministic sequence that depends only on n and vanishesasn ¥ 1.

Using the triangular inequality, the Chebyshev inequality, successive con-
ditioning, as well as Holder inequality and assumption SA, we get for j =
1;::::bn=knc

N 1= —(1= A1+
P(n W0 W a) K ——— 8>0
Similarly, using triangular inequality, Chebyshev inequality as well as Holder
inequality, we get for j = 1;:::;bn=knc
1= —1+4
VA n) K . g >o

P(n2= Y
n

Next, using, triangular inequality, Chebyshev inequality, Holder inequality,
Burkholder-Davis-Gundy inequality as well as assumption SA, we get for
j =1 bn=knc

~ " . k1:27
2= —1; n. n . .
Finally, using the self-similarity of the stable process and Burkholder-Davis-
Gundy inequality (for discrete martingales), we get for j = 1;:::; bn=knc
. 9m 1 e D 1
P <jn2 1VF 5 2(i7rih)kn (EjS1j)%j n) Kk_lf; 8 2(0;1 )

n n
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IBM, 5-min VIX, 5-min
5 5
4 4 *
*
3 3 *
*
* *
2 . " N 27
1 1
0 0
2003 2004 2005 2006 2007 2008 2003 2004 2005 2006 2007 2008
IBM, 2-min VIX, 2-min
8 : : : 8 : x :
*
6 6 * *
*
* *
4 4
« N %
&
of 2
0 0
2003 2004 2005 2006 2007 2008 2003 2004 2005 2006 2007 2008
Year Year

Fig 1. Kolmogorov-Smirnov tests for local Gaussianity. The corresponds to the value
of the test sup .o v/N"( ;$)jFn( ) F( )j and the solid lines are the critical values
gn( ;A) for =5%and = 1%.

Combining these results, we get altogether for 8 2 (0;1 )
(10.2)
P ha @S )
ni= —(1= AL+ 1=2— 1

K \/ n1:2— \/ knflf N

n n

Using the same proofs we can show that the result above continues to hold
when Vj" is replaced with V;"(i).
Next, fori = (G 1Dkn+ 15 Dkn +mpyand j = 1;:::;bn=knc, we



20 VIKTOR TODOROV AND GEORGE TAUCHEN
denote
BO=n (PAE DY L (o a)dSy)
{ H@=NT e TS fin-s)
With this notation, using similar inequalities as before, we get

nl: —(1= A1+ kn:2+ =2 .
n n =2+ =2 n+

(103)  P( &M ) K(

Next, using the result in (10.2) above as well as Holder inequality, we get
(10.4)

) _ n @2 $) + 1= (1= H~1+ k..=n)L1=2 KLi+
PG @i n) K = = (kn=n) =10 ; 8 =0

n

We next denote the set (note that by assumption SA, ¢ is strictly above
zero on the time interval [0; 1])

(10.5)
BT TR LR
" o \/%Ejslj " \/g G-1kn E}jS1] n(:

fori=(J Lkn+1;:50 1kn+mpandj=1;::;bn=kuc.
We now can set (recall (4.1))
- 1 1 1 gaC DI,
(10.6) hn=n"% 0<x<[</’\1 >/\ 5 A ]

and this choice is possible because of the restriction on the rate of increase
of the block size k, relative to n given in (4.1). With this choice of p, the
results in (10.2), (10.3) and (10.4) imply

[n=kn] (J—1)kn+mn

(10.7) e kncmn > Z P (A) = o(1):

J=1 i=jJ-Dkn+1

Therefore, for any compact subset A of ( 1;0),
(10.8) sugjlfn( ) Gn( )i =0p(D);
€

where we denote

bn=knc (j 1)kn+mn P
1
J=1 i=({ L)kn+1

Gn( )= bn=K-cmo kncmn Z Z \7j”(i) 1{j o \/\7?” $} }1f(Ap;j)cg:
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Taking into account the de nition of the set A,J, we get

a =kn )kn n 1= AT'S .
Gn( ) n=kn]mn knJmn ZL” JZJ ' 1);:111 bT (1 n) ni:

5 E[S1|

~ kn kn n 1= Ans
Gn( ) Ln knJmn ZLn JZJ ! I)E_T_ll b*il (1+ n) + n

5 E[S1|

Using Glivenko-Cantelli theorem, see e.g., Theorem 19.1 of [21], we have

bnzkne (i Dkn+mn (g s

Sip bn=kncm, k nCMp le _ (_];)kn+1l{\/;]§jslj (Y n}
F(Q o) o) 7o

p bn=k,cm,, k nCMp S oina T ijSj n n

F(Q+ n)+ n 10

and further using the smoothness of cdf of the stable distribution we have

supjF (@ n) ) F () T 0 supjF ((A+ n)+ n) F ()

These two results altogether imply

supjGn( ) F ()i T 0

and from here, using (10.8), we have sup eAjlfn( ) F ()j=0p(1) for any
compact subset A of ( 1;0). Hence, to prove (4.2), we need only to show

N ;$B)

> 7 | | . | | .
(10.9) bnekomy 1, asn?® 1:
We have

— n1= 1=2 Vn
IP’(j "Xj> /V"n $> 1@( v 1

5 G
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10.3. Proof of Theorem 2. The proof follows the same steps as that of
Theorem 1. We denote with |, a deterministic sequence depending only on
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only show % 't 1asn ¥ 1. This follows from

IP’<j N *j > \7j”n }L > 0:5 +IP>(J NX*j > 0:5 n12$)

; for some su ciently small > 0;

which can be shown using (10.11), the fact that the noise term has a nite
rst moment and the Burkholder-Davis-Gundy inequality. 2

10.4. Proof of Theorem 3. As in the proof of Theorem 1, without loss of
generality we will assume < 0. First, given the fact that mn=k, ¥ 0, it is
no limitation to assume k, mp > 2 and we will do so henceforth. Here we
need to make some additional decomposition of the di erence \7j” V}]. It
is given by the following

(10.13) \7j“ VF = R}l) + RJ@) + R}S) + RJ§4); j =1;::bn=knce;

Jkn

1 n . .. . . .. .
RV =1 —=55 > [(J Bl TBI &y T aWi PWi)
n i=( Lkn+2
+( @2, d ;>kn)zj A ?Wj}i
RP =21~ 4 JEK: i j " dw
i k, 12 %= @2 n O g, SR
i=( 1kn+2 7
i 2
[; ke ~0<j Dkn dWﬂ}j P AW Wi
RO=_2 . Jzk: "o o AW, + N dw;
kn 12 a rl]) n o G 1kn a r11> n u G 1k (J 1)kn
i=( Dkn+2 77w S
H n - n H 2 .
nj i Wil iWj —);
@_ 2 L W o 0
Rj = ki 1 G_Dkn _ Z G ke G_Dkn dw, + G i (J 1>kndW
i= Dkn+2 -7 n e

Fori=( 1kn+1::Jka 2 we denote the component of RJ@ that
does not contain the increments W and W’ with

- 2 ) ) o -
Rgf}) =RJ§4) G r11>|<n(J|<n i 1){[ | U Dkn qu"‘[ ) % 1kn dW3]3

kn 1

n
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We decompose analogously the di erence \7j“(i) VF(i) into R}k)(i) for
k=1;:;4and ﬁgﬁ)(i) is the component of R§4)(i) that does not contain the

increments W and ['W’. We further denote for i = (j 1)kn+1;:::5(
Dkn + mp and j = 1;:::; bn=Kknc,
=N 2
W0 % (%0 )
n —_ T n . n — n .
= fO= ,
! 2 %J' r}‘)kn 1 8 4(1]_ r11)kn
—n ~(4 2
 TORY) b (VOREO )
(D)= 52 — @)= g ;
a r{I)kn a r%I)kn
—n 4 2
VF * RJ§4) %j Dkn (Vj + Rjg) %j 1>kn)
) = n s Tl = n .
! 2 2(1' r11)|<n 1 8 A(lj r11)kn
“h an %J' Dkn “h (Vj %Jl)kn>
! 2 %j Dkn ! 8 L(lj 1kn
Py )
n "W r_ ~
{;j (3) = ﬁ [ w(Wu W 1)kn)+ 0(j 1kn (WL W(()j 1)kn )} ;
J_Dkn n n n n n n
nay=1+_ {N- Wit Wi o)+ % o WL WY )}-
ij G ke a r}‘)kn i1 a r}‘)kn 4] :\)kn % G r11)kn .

With this notation we set for i = (j
Jj =1;::bn=kne
P

+(Cn W+ in:j(3))1{J

i PXj= ,/Vj”n $}

Dkn + 150

T A R L

n

1

J_1kn
n

p_
{‘;j Q= n

G Dkn)

n

1 HD+PQO+<HD ()

Dk, + mp and

)1{1 Pxi e =)

lr,'J(s)) l{j nxj ﬁn $};

O+ L)
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Finally, we denote

bn=knc (j 1)kn+mn

Cn()=e— > 1<'°n X
Gn bn= k nCMnp G r1])kn {j nXj \/\?n $}

i=1 i=G 1kn+1 !

VIO gy (2))

d_Dkn
n

bn=knc (j 1)kn+mp P _ B
~ bn=k,cmp, kncmn Z Z l( n yw + 0@ ij (2) i;j(3))1
i=1 i=( Lkn+1
The proof con5|sts of three parts: the rst is showing the negllglblllty of
Kn(Fn( ) n( )), the second is deriving the limiting behavior of Gn( )
() and third part is showing negligibility of kn(Fn( ) Fn( ).

10.4.1. The difference Fn(') Gn( ). We _rst collect some preliminary
results that we then make use of in analyzing Fn( ) Gn( ). We start with
maXi=i.:nj |'Bj . Using maximal inequality we have

......

(10.14) E( max_j "Bj’) Kn!7P*2: 8p>o0:

Next, using assumption SB (in particular that jumps are of nite activity),
we have

(10.15)

</Jk:"‘“ / (zx) € O) (dz; dx) 1) K%i =Y, , and ™"

We now provide bounds for the elements of {;(1) and {};(2). In what
follows we denote with |, some deterministic sequence of positive numbers
that depends only on n. We rst have (recall the de nition of —)

]P(pn /:1( G AW, n) (ﬂk:kn/ Y(s;x) &0) (ds;dx) 1)
+IP>< n n) :

For the second term on the right hand side of the above inequality, we can
use Chebyshev inequality as well as Burkholder-Davis-Gundy inequality, to
get for 8p 2:

T

o o,

i1

7i—71)qu P
n n

) PR [, Cu Ta)dul”
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Therefore, applying again Burkholder-Davis-Gundy inequality, we have al-

together
n) 3 [(krT> Vv <np12p]>] , 8p=>0:

(10.16)
P (pn /“l( u ﬂ)dwu
Similar calculations (using the fact that ~ and ~{ are 1t6 semimartingales),
yields for 8p > 0
kn kn \P
K|l — — :
) <[V )

(10.17
nw oo | n

P<‘“’kn( D apa) LG

Next, applying Chebyshev inequality and the elementary j > jaiji®  >";jaij?

for p 2 (0;1], we get

n =2E ( S A Jed Y& (@s; dx))

n

(10.18) n=E ([ 6, Jed Y 0] (ds;0)

n
Kn=1t=2 —+. 8 2(0;1):

Further, Chebyshev inequality and the boundedness of a; easily implies

P nPREG TAP)

(10.19) P p e

nj A n)

5T

We turn next to the di erence \7j” \lj”. Using triangular inequality and
successive conditioning, we have

PV v )
e K
n n npi [ " S Y )i . n .
(2 nzl_m;z?:):(; j A+ IBJ[] 1 /E(J (s;x)j _1) (ds;dx) 2>+n -
From here we have

ikn
n_ i ngi [ " Ty _ n
P<2 2 amE ) AT -BJ/G_%/E(J (s:)j _1) (ds;dx) 2)

P(/_n / (ds; dx) 1) K&:
(J*;L])kh E
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Thus altogether we get
~ 1 k
v.n n; - 7” .
(10.20) P(ij Ay n) K <n - Vo )
We continue next with the di erence Vj” \7j”. Application of triangular
inequality gives
i A+ LB A+ TBj | LiBjj {'Bj
iiA+ LBj AT+ L A) B
Using this inequality and applying Chebyshev inequality, we get
n ons 1 \°
(10.21) P (j\lj A n) K (pn—n) .8 1

and this inequality can be further strengthened but su ces for our analysis.

Turning next to R}l), using triangular inequality, Burkholder-Davis-Gundy
inequality as well as (10.15), we can easily get

Jkn
P(jRJO)J- n) P(jRJ@)j n: /<,-_1>kn/E1( (s;X) & 0) (ds;dx) 1)

ikn
(1) : n ) ) _
+IP’<]RJ- i n: /(j_l)kn /El( (s;x) & 0) (ds,dx)-O)
Kn 1 \° ke \P
K—+K|p=— Kl— ) ; 1:
n " < n n> N (n n> + 8

Similar calculations, and utilizing the fact that ~; ~{ are themselves 1t0
semimartingales, yield

e kn ka P -
(10.22) IP’(]RJ- j n) KT +|<(n n) . 8 L

Next, by splitting

_ N 2 p_ [ .p— _ 2 2 [ p_ _ 2
nj {Wijj fWj —=j n ?1WJ<J n 'Wj \/7>+\/7<J n Wj [)

we can decompose RJ@ into two discrete martingales. Then applying Burkholder-
Davis-Gundy inequality, we get

L (3): 1 \°
(10.23) P(JR}g)j n) K(p—); 8p 2
N n
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Next, we trivially have

— . p
P JVF G knl n) K(ﬁ) ;

(10.24) o
P(jv;" Vji 05 M) Kko: 8p 2

Further, application of Burkholder-Davis-Gundy inequality gives

(10.25) {Ejvn Gnal g

=2
Bk Ry =0, BRIP K (=) g 2

j o
The results in (10.20)-(10.25) continue to hold when \7j”, \lj”, \7]-”, Vp, R}l),
R} and R(®) are replaced with V;"(i), \;"(i), V;"(i), V (i), R{V (i), R{” (i)
and R (|) respectively.

Further using Burkholder Davis-Gundy inequality for discrete martin-

gales (note that V Vi (|) can be decomposed into discrete martingales
and terms whose p- th moment is bounded by K=kR), we have

~ p
(10.26) E(jRJ§4) RYP +jRWY Ri(j})(i)jp) K(plun); 8p > 0;

(10.27)
n ALVl K. VARV 1 p. i
EX i, (V] vj(u))’ @ BV VO K(=) 5 e

Now we can use the above results for the components of \7j"(i) FRPION (

analyze the rst termin {}(2) involving w/\7j”(i) (-Dkn - VWe make use
of the following algebraic inequality i

P_ P, x_y_ (x ¥ x ' ix yi

‘ X y ﬁ + Ty'%/i gy7=2 + 2y5=2

fgr every X 0 andy > 0. Using this inequality with x and y replaced with
V(i) and % b, Tespectively, as well the bounds in (10.20)-(10.27), we

get
YAZHO)
Pl 1 o e
(10.28) S

13\/ Vo

1
Vg

np 2/\(n k )p 2]
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for8p 1 and8 > 0. Similarly, using the following inequality
P jx%2 y? Pijx yj? 05 +P(yj K)+P(jx vyj 05=K);

for any random variablesx and y and constants > 0 and K > 0, together
with the bounds in (10.20)-(10.27), we have

Pt '@ W+ T .
(10.29) 1k L |
e B2 (nek)]

for everyp 1 and arbitrary small > 0.
We nally provide a bound for the second term in ,”J (1). We can use

Chebyshev inequality as well as Helder inequality to get

q _—
PR G WL @DL ] IXi> Y
10.30 q — 1=(1+ )
1o P i Txi> s
K
n
We can further write
q__ _
PjXj> ¥m? Pj ¥ owi 05 ¢ u

+Pj|nX]>05 mnig

From here we can use the bounds in (10.20)-(10.27) as well as (10.18) and
conclude

q__
P 1 o bl 'wil j 'Xj> 9 ® n

(10.31) .

Combining the results in (10.14), (10.16), (10.17), (10.18), (10.19), (10.28), (10.29)
and (10.31), we get

PG i@itiy@i)> a
1 — 1 - ky ¥ 1

K n p =2 A - A L, 3P=2 F o
n a[nP (n=ky)P A kn~ 7] n
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